Free vibration of a thin spherical shell filled with a compressible fluid is investigated. The interactions at the interface between the elastic structure and the compressible fluid are taken into account. The objective of this study is to develop a hybrid .numerical technique for the free vibration analysis of sound-structure interaction problems. The boundary element method is employed for modeling the acoustic disturbances in the cavity, while the finite element method is used for modeling the structural dynamics of the shell. The formulations are then combined into a coupled numerical scheme for the total pressure-displacement field. Natural frequencies and mode shapes are calculated by using the singular value decomposition algorithm. Physical insights into the resonance phenomena associated with sound-structure interactions are derived .from the comparison between the results of the thin spherical shell, with and without the fluid loading effect.
INTRODUCTION
For an elastic structure filled with a compressible fluid, interactions exist between the acoustic field of the fluid and the vibration field of the structure. In most cases, the dynamic response of a structure in contact with a fluid can be determined as if the structure were vibrating in vacuo because the radiation loading exerted by the fluid is generally small enough to have a negligible effect on the structural vibrations. Radiation loading significantly ....... '--mooroes the motion of a structure only under exceptional circumstances, e.g., when a volume of air is confined in a small enclosure, when the structure is relatively light, or when an elastic structure is submerged in a heavy fluid. On these occasions, the elastic structure and the acoustical field cannot be treated as uncoupled systems and must be solved simultaneously. There has been ongoing research on the subject of sound-structure interactions. To name a few, the sound- The aforementioned research efforts all fall into the category of exterior problems when the structures are submerged in fluids. This does not preclude the importance of interior sound-structure interaction problems, where the structures may contain fluids in their interiors. There are many situations in which the interior problems of soundstructure interactions may be of importance, such as ramjet engines, nuclear reactors, and pressure vessels. Although the literature concerning the interior problems of sound-structure interactions is not as ample as that of the exterior counterpart, similar numerical techniques can still be applied to calculate the total response of a containing elastic structure. Of particular interest in this study is the development of a hybrid numerical method for the free vibration analysis of structures filled with compressible fluids. While the numerical technique is developed in a rather general form, a thin spherical shell container is chosen in the simulation to verify the algorithm not only because it interacts more strongly with the contained fluid compared with the thick shell, but also because its analytical solution is more tractable than the other odd-shaped structures.
Nevertheless, the numerical simulation is conducted without taking the advantages of symmetry. The method developed thus can be applied to problems of arbitrary geometries where analytical solutions are in general not available.
The objective of this research is twofold: first, to demonstrate the implementation of the coupled FEM-BEM technique; and, second, to explore the sound-structure interaction behavior via an extensive numerical simulation.
The free vibration analysis has three steps. First, the acoustic field enclosed by a rigid spherical boundary is analyzed by BEM. Next, the free vibration of a thin spherical shell in vacuo is analyzed by FEM. Finally, the free vibration of the containing thin spherical shell subjected to loading effects is analyzed by the coupled BEM-FEM technique. An algorithm based on singular value decomposition (SVD) is 
where A nm and Bnm are arbitrary constants to be determined by boundary conditions, P•n is the associated Legendre polynomial (rn<n), and Jn is the spherical Bessel function of the first kind of order n.
Alternatively, the solution of the interior boundary value problem of the acoustic field of Fig. 1 
2--2(1+v), 
where K, C, and M are, respectively, the stiffness matrix, damping matrix, and mass matrix; R is the external force vector; and U is the displacement vector. The matrices K, 
For the sound-structure interaction problem, the excitation pressure q should be replaced by the negative of interface acoustic pressure --Pi: 
The natural frequencies 11 of the coupled sound-structure system can be solved by iteration methods in conjunction with the solutions of the shell in vacuo as the initial guesses.
B. The interface conditions
In order to couple the matrix equations of the acoustical and structural subsystems, the compatibility at the interface must be considered. First, the surface velocity of the structure and the particle velocity of the fluid at the interface along the normal direction must be equal. Second, the normal stress of the elastic structure must equal the acoustic pressure at the interface. The compatibility of velocity and stress in tangential directions at the interface is not imposed because the fluid is assumed to be inviscid.
If the interaction force is treated as the excitation to the structure, Eq. (18) can be modified into
where Rex t denotes the externally applied force vector and Rin t denotes an equivalent acoustic force vector acting on the surface of the structure.
The major step of coupling the acoustical and structural subsystems in Eqs. (4) and (28) C. The coupled system matrices As mentioned previously, when the interaction between the fluid and the structure is not negligible, the dynamic characteristics of the coupled system must be solved simultaneously. Various approaches can be utilized to form the coupled system equations. One may either substitute the acoustical system equations into the structural system equations (termed the structural variable approach), substitute the structural system equations into the acoustical system equations (termed the acoustical variable approach), or assemble both subsystem equations into a complete set of system equations (termed the mixed variable approach). In this study, the structural variable approach is adopted because it is less computationally expensive than the others. From Eqs. Table I analytical and numerical methods are compared in Table  II . From the results, it is observed that the natural frequencies of the coupled system are lower than those of the structure in vacuo. Significant decrease of natural frequencies occurs for very thin shell structures that interact strongly with the contained fluids. This can be attributed to the added mass effect resulting from the radiation reactance of the interior acoustic field.
The multiplicity of an eigenvalue of the coupled system can be determined by the number of singular values which are closer to zero in comparison with the others. In some cases, repeated eigenvalues spill over within a small interval of wave numbers. Great care has to be taken in determining the multiplicity of eigenvalues which may be the sum of the multiplicities of several proximate local minima within a small interval located by SVD. Sufficiently small step size of wave number is generally required for finding a complete set of multiple eigenvalues. For situations of strong interactions (e.g., a thin spherical shell containing a liquid or a gas of high temperature and high pressure), the dynamic characteristics of the coupled fluid-structure system can be significantly different from the original subsystems because of the fluid loading, while for situations of weak interactions, the coupled system can approximately be regarded as uncoupled systems. From the comparison of the natural frequencies of the shell with and without the fluid loading, it can be observed that the more strongly the structure interacts with the fluid, the larger the shifts of natural frequencies. For instance, the thickness to radius ratio is an important parameter in considering sound-structure interactions. Strong interactions may arise when a very thin shell is filled with a heavy fluid. Unlike the natural frequencies, the mode shapes of the structure do not seem to be markedly changed inasmuch as the sound-structure interaction is concerned. The mode shapes of the fluid-loaded structure remain rather similar to those of the structure in vacuo with only slight differences in the response amplitudes and torsional angles. The method of SVD proves to be useful in searching for natural frequencies of the coupled system, although it appears somewhat computationally expensive. More efficient algorithms may be sought to deal with this nonstandard type of eigenvalue problems.
The numerical results illustrated in this paper are limited to only a few of the lower-order natural frequencies, not only because the computation requires enormous CPU time, which is beyond the computer resources available, but also because the FEM codes for the thin spherical shell developed in this study do not seem robust enough for extracting higher-order modes. In any event, one ought to recognize the fact that these types of numerical methods 
